We use lattice QCD and the Lüscher method to study elastic pion-nucleon scattering in the isospin I = 3/2 channel, which couples to the ∆ (1232) resonance. Our N f = 2 + 1 flavor lattice setup features a pion mass of m π ≈ 250 MeV, such that the strong decay channel ∆ → πN is close to the threshold. We present our method for constructing the required lattice correlation functions from single-and two-hadron interpolating fields and their projection to irreducible representations of the relevant symmetry group of the lattice. We show preliminary results for the energy spectra in selected moving frames and irreducible representations, and extract the scattering phase shifts. Using a Breit-Wigner fit, we also determine the resonance mass m ∆ and the g ∆ −πN coupling.
Introduction
The study of scattering of strongly-interacting hadrons on the lattice has given us quantitative theoretical insight into unstable hadrons, which are otherwise difficult to analyze perturbatively [1] . Even though the theoretical foundations for studying the 2 → 2 scattering resonances on the lattice were laid in 1990s by Lüscher [2] , the generalizations [3, 4, 5, 6] , further extensions [7, 8] , practical implementation of these algorithms along with the development of solvers(multigrid) and the availability of lattice ensembles generated using the physical pion mass took two decades. In the last decade, there have been extensive studies of low-lying meson resonances, starting with the ρ meson [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] that served as the first evidence for the practical applicability of the Lüscher methodology for extracting resonance parameters. The next step is to study more complex 2 → 2 strongly interacting scattering systems. Here we explore the nucleon-pion scattering in the I = 3/2 and J P = 3/2 + channel where the lowest-lying baryon resonance, the ∆ (1232), is located. This resonance has a mass of ≈ 1210 MeV and a decay width of Γ ∆ →Nπ ≈ 117 MeV [28] . The I = 3/2 P-wave Nπ channel is the dominant decay mode, with a branching fraction of 99.4%. The PDG only lists one other decay mode -Nγ with a branching fraction 0.6%. The process is almost completely elastic [29] , but nearby inelastic resonances with similar quantum numbers could have a small contribution on the phase shift that needs to be taken into account in the analysis.
The lattice computation involves the evaluation of two-point correlation functions between the QCD-stable interacting fields: pion, nucleon, and the interpolating field with the quantum numbers of the resonance. The correlators are built from a combination of smeared forward, sequential and stochastic propagators. An important step in the proper identification of the spectra comes from the use of the projection method. It is used to build interpolators that transform according to a given irrep Λ and row r, and overlap to the angular-momentum eigenstates of interest.
Previous studies of the ∆ coupling to the Nπ channel have used the Michael-McNeile method to determine the coupling [30] as well as the Lüscher method [31, 32, 33] . None of the previous studies have fully taken into account the partial-wave mixing. In this preliminary work, we also neglect this mixing, but we plan to include it in the full-fledged calculation.
Lattice setup
Our calculation is based on the gauge-field ensembles with the actions and algorithms described in Ref. [34] . The gluon action is the tree-level improved Symanzik action, and the same clover-improved Wilson action is used for the sea and valence quarks. The gauge links in the fermion action are smeared using two levels of HEX smearing [34] .
Here we report on our preliminary results from 3072 measurements on the A7 ensemble, whose parameters are given in Table 1 . This constitutes the first part of our two-part study of pion-nucleon scattering at m π ≈ 250 MeV. The parameters of the ensemble A8 for the follow-up simulation with larger spatial volume are listed in the table as well.
Interpolators and correlation functions
To extract the lattice spectrum in the nucleon and ∆ channel, we construct correlation matrices Table 1 : Parameters of the lattice gauge-field ensembles A7 (presently used) and A8.
from two-point functions of 1-and 2-hadron interpolating fields with quantum numbers of the nucleon (N) and Delta (∆ ), respectively. As building blocks we use the familiar single-hadron interpolating fields for the pion, nucleon and ∆ . In the following, p denotes the three-momentum, and we omit the time coordinate for brevity. The pion interpolator is given by
For both the nucleon and the Delta, we include two choices of interpolators,
and
Finally, the two-hadron interpolators are obtained from products of the form
The two-point functions obtained from the interpolators above are evaluated by Wick contraction and factorization into products of diagram building blocks. The latter are calculated numerically from point-to-all, sequential and stochastic propagators. Figure 1 shows the topology types for the diagrams obtained from the ∆ −∆ and ∆ −πN two-point correlation functions in the left panel. The right panel shows the same for the πN − πN correlator. In both panels, each topology represents 2 to 4 actual diagrams.
Moving frames
In order to apply the Lüscher method we have to locate our energy region of interest below the Nππ threshold. Due to the quantization of momenta, p = 2π L (n x , n y , n z ), and the fairly small volume of ensemble A7, the energy spectrum in the πN or ∆ rest frame is quite sparse below E thr = m N + 2m π , which leaves only a few energy values located in the region of interest.
In order to better constrain the phase shift curve with additional points, we make use of moving frames. The Lorentz boost contracts the box, giving a different effective value of the spatial length L along the boost direction [5] . Our choices of total momenta for the πN system are listed in the first column of Table 2 . Table 2 : Choices of total momenta (and numbers of equivalent directions), along with the relevant symmetry groups, irreducible representations Λ , and their angular momentum content.
Angular momentum on the lattice
In the continuum, states are classified according to their angular momentum J, corresponding to the irreducible representations of SU (2), and parity P. On the lattice, the rotational symmetry is broken and the symmetry group is reduced to the double-cover of the cubic group [35, 36] . The 48 elements of the cubic group O h (rotation and inversion operations) leave the lattice grid unchanged. Since we characterize states of spin-1/2 and spin-3/2 fields in this work, we need to consider the double-cover group O D h , which includes the 2π rotations (negative identity), thus having twice the number of elements [37] .
In moving frames, the symmetry is further reduced to smaller groups (little groups), which have a smaller set of irreps and a higher mixing of angular momenta in each one of them. Additionally, parity does not represent a useful quantum number in boosted frames, since both parities are featured in the same irrep. In Table 2 we list the symmetry groups associated with the moving frames, along with their irreps containing the angular momenta of interest. This many-to-one mapping of angular-momentum states leads to angular-momentum mixing on the lattice. In most irreps, we must determine not only the (J = 3/2, l = 1) amplitude where the ∆ appears as a resonance, but also the (J = 3/2, l = 2), (J = 1/2, l = 0) and (J = 1/2, l = 1) amplitudes that could have a small contribution from nearby resonances (listed in Table 3 ). Fortunately, these remain non-resonant in the energy region below approximately 1.6 GeV.
Projection method
We apply group-theoretical projections to obtain operators that transform irreducibly under rotations and reflections of the proper symmetry group. The master formula to project to a specific irrep Λ , row r and occurrence n is given by [38] 
where Γ Λ are the representation matrices of the elements R (rotations and reflections) of the double group G D , φ (p) is a single/multi hadron operator (e.g., the operators presented in Sec. 3), U R is the quantum field operator that applies the transformation R. Additionally, d Λ is the dimension of the irrep Λ , and g G D is the number of elements in the group G D . Tensor decomposition of the nucleon transformation matrices. Applying Eq. (6.5) to the nucleon transformation matrices S(R) tells us the occurrence of the irreps containing J = 1/2 in each frame. This information guides us in the projection of the single-nucleon interpolator. It shows that in the rest frame we can have one projected interpolator for each of the irreps G 1g and G 1u . On the other hand, in each moving frame, we can build two linearly independent nucleon interpolators since the same irrep has a double occurrence. . Applying Eq.6.5 shows the occurrence of irreps containing J = 3/2. In the rest frame there are only single occurrences, while in moving frames there are multiple occurences. For example, for the group C D 2v the same irrep G appears 6 times. In fact, we can build 6 independent projected operators for a single ∆ in this irrep. The single-hadron operators transform under rotations as
where A(R) = U 1 (ω,Θ ,Ψ ) denotes the 3-dimensional irrep of SU (2), and S(R) is the 2-dimensional spinor representation of SU (2),
3)
The inversions are given by
Our choice of the Euclidean γ-matrices is the DeGrand-Rossi basis.
The choice of total momentum P determines the relevant symmetry group. Looking at Table  4 , the J value of the hadron tells us in which irrep (of the rest frame) it should be contained. In order to have a complete identification of the irreps, we deduce them from the characters χ (trace) of the transformation matrices. It is possible to find the occurrence m of the irrep Γ Λ in the matrix M(R) realizing the transformation (e.g. S(R) for the single nucleon) using the formula [39, 40] 
The multiplicities m give us the numbers of occurrences of the irreps for the specific operator we want to project (see Table 4 ). This corresponds to the number of independent projected operators we can extract for a specific irrep Λ and row r. In Figs. 2 and 3 , we show schematically the decomposition of the transformation matrices S(R) for the nucleon and A(R) ⊗ S(R) for the Delta in all frames relevant for this study.
Once we correctly identified the tensor decomposition in each irrep, we used our code to project the N, ∆ and Nπ interpolators (the single π does not need projection). Most of the projections lead to linearly dependent operators [38] . We made use of the Gram-Schmidt procedure to construct linear combinations of operators orthogonal to each other. As an example for the nucleon-pion system, we show one projected operator in the rest frame in irrep H g and row r = 1:
The momentum directions are given in brackets and the subscript of the nucleon operator labels the Dirac index. Taking into account all linearly independent operators, rows and momentum directions in the 8 irreps of the 4 frames considered, we reach a total 1720 projected operators for Delta and the nucleon-pion system. In order to maximize the statistics, we use all of them when building the correlation functions.
Spectrum results
With a basis of projected interpolators we construct correlation matrices C Λ ,r,m i j and make use of the variational method (Generalized EigenValue Problem) [41] to determine the energy spectrum in each irrep. Figure 4 shows the effective energies and the fit results for the chosen time ranges. We perform single-exponential fits directly on the principal correlators.
To ensure that early-time excited-state contamination is negligible, we perform stability tests by looking for a plateau while varying t min in the fit time interval [t min , t max ]. This is illustrated in Fig. 5. 
Scattering analysis
The Lüscher quantization condition [42] , which connects the finite-volume energy levels with infinite-volume scattering phase shifts of two particles, is given by where t (s) = 1 cot δ (s)−i . Using the t-matrix parametrization and the total-angular-momentum basis of the interacting particles, we obtain
where M P Jlm,J l m contains the finite-volume-spectra for the scattering of two particles with spins s 1 and s 2 and total linear momentum P. The angular momentum l is the contribution from the lth partial wave such that the total angular momentum J is equal to l + s 1 + s 2 . For fixed J and l, we have −J ≤ m ≤ J. Thus, the M matrix represents the mixing of the different angular momenta in finite volume. In the t-matrix, δ Jl denotes the infinit-volume phase shift for a given J and l. It becomes quite evident from the addition of angular momenta that M is an infinite-dimensional matrix, because of the infinitely many possible values of l. To enable a lattice calculation, we need to select a cut-off l max , and ignore higher partial waves. This can be justified for small center-ofmass momenta p * , because δ (p * ) ∝ (p * ) 2l+1 .
After neglecting higher partial waves, the finite-dimensional matrix M can be further simplified into a block diagonal form through a basis transformation of the irreps of the symmetry groups of the lattice. Given a lattice symmetry group G with irrep Λ (from Table. 2), the matrix element in the new basis can be written as
where the row r runs from 1 to the dimension of Λ , n labels the occurrence of the irrep, and c GΛ n Jlm and c G Λ n J l m are the relevant Clebsh-Gordan coefficients as calculated in [7] . From Schur's lemma, we know thatM P is block-diagonalized in the new basis,
The advantage of the basis transformation can be observed for example in the moving frame P = 
This basis transformation, along with the angular-momentum content, is also shown schematically in Fig. 6 . The angular-momentum content depicts the mixing of various partial waves which contribute to the J = 3/2 channel. The quantization conditions can be written in terms of w js functions( where |l − l | ≤ j ≤ l + l and − j ≤ s ≤ j) that include the generalized Zeta functions as in Ref. [7] . For the case of G 2 , considering all relevant J, l values of the phase shift δ J,l present in the energy region of interest, the quantization condition can be written as
The mixing between l = 1 and l = 2, is clearly shown in Eq. (8.7). If we neglect contributions from l = 2, we arrive at the quantization condition as used in Ref. [7] .
Due to the existence of eigenstates with same total angular momentum J, but different orbital angular momenta l, we have mixtures in scattering amplitudes originating from nearby ∆ resonances (see Tab 3 ). In this preliminary study, we are only interested in the phase shift δ J= 3 2 ,l=1 . Having fixed l max , we neglect the contributions from higher partial waves, but we need to take into account contributions from lower partial waves and J's for the complete analysis.
Phase-shift results
Our preliminary results for the scattering phase shifts obtained from the Lüscher quantization condition are shown in Fig. 7 . To extract the resonance parameters, we directly fit a model for the t-matrix to the energy spectra; this methodology is known as the inverse Lüscher analysis.
The scattering amplitude for a narrow resonance in QCD can be characterized by the Breit Wigner parametrization,
where s is the center of mass energy squared, m R is the mass of resonance, and Γ (s) is the decay width of the resonance. For the ∆ resonance, the decay width can be expressed in effective field theory [43] to lowest order as
with the dimensionless coupling g ∆ −πN and center-of-mass momentum p * . We denote the lattice result for the n th finite-volume energy level in the Λ irrep of the moving frame with momentum P as s
. The corresponding model function s
is constructed by combining the Lüscher quantization condition (8.2) with the Breit-Wigner model given by Eqs. (9.1) and (9.2). We define the χ 2 function to be minimized as
. g ∆ −πN = 26 ± 7, (9.5) 6) and the corresponding phase shift curve is also shown in Fig. 7 . 
J=3/2, P-wave Analysis 
Discussion
We compare our preliminary results for m ∆ and g ∆ −πN with other lattice calculations and with the values extracted from experiment in Table 5 . Our results are consistent with previous lattice determinations using the Lüscher method at similar pion masses.
This preliminary analysis was done with only 1/3 of the total number of configurations available for the A7 ensemble, and we are now increasing the statistics. Furthermore, we plan to add the A8 ensemble (Table 1) in the near future. The phase-shift curve will be constrained more precisely with the additional points calculated from the bigger (32 3 × 48) lattice at the same pion mass. We also plan to include non-resonant contributions from other possible J's and l's, taking into account partial-wave mixing. Finally, we will investigate other decay-width models to better understand the model-dependence of the extracted resonance parameters. 
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